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Abstract

This paper is the second part and continuation of a paper for the author published in 2003 and investigating initial fuzzy uniform
structures. The final fuzzy uniform structures and the final global fuzzy neighborhood structures, for the notions of fuzzy uniform
structure and of global fuzzy neighborhood structure introduced by the author and others in 1998 in two separate papers, are
characterized. This paper also shows that the expected relations between the final fuzzy uniform structures and the final fuzzy
topologies and the final global fuzzy neighborhood structures are indeed true.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

This paper is the second part and continuation of [2] investigating initial and final fuzzy uniform structures. Whereas
[2] dealt with initial structures, this paper deals with final structures.

For the notion of fuzzy uniform structure introduced by the author and others in [7], we showed in [2] that the
category FUN of fuzzy uniform spaces is topological over SET with respect to the expected forgetful functor. Hence,
the final lifts and thus the final fuzzy uniform structures exist [1,19]. In this paper, we characterize these final fuzzy
uniform structures and we show that they provide final lifts. We also show that the fuzzy topology associated with the
final fuzzy uniform structure of a family ({4;); ey of fuzzy uniform structures I/; coincides with the final fuzzy topology
of the family (t4,);e; of fuzzy topologies 14, associated with If;.

We also characterize here the final global fuzzy neighborhood structures, that is, the global fuzzy neighborhood
structures which provide final lifts in the category FNS of global fuzzy neighborhood spaces [6]. It is shown that the
global fuzzy neighborhood structures associated with the final fuzzy uniform structure of a family (U4;);cs of fuzzy
uniform structures I4; coincides with the final global fuzzy neighborhood structure of the family (/4 );e; of global fuzzy
neighborhood structures hy;, associated with Uf;. Moreover, the relation between the final global fuzzy neighborhood
structure and the final fuzzy topology is fulfilled, that is, the fuzzy topology associated with the final global fuzzy
neighborhood structure of a family (4;);c; of global fuzzy neighborhood structures 4; coincides with the final fuzzy
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topology of the family (tz,;);e; of fuzzy topologies tj, associated with h;. The expected relation between the initial
global fuzzy neighborhood structure and the initial fuzzy topology also is verified.

This paper and its predecessor comprise a generalization by filters of the entourage approach of Lowen [18] and
Hohle [10] for fuzzy sets, which goes back to the entourage approach of Weil [23]. The reader should be aware that
there are other approaches, including the uniform covering approach of Tukey [22] and Isbell [15] and the closely
related uniform operator approach articulated in Kotzé [16,12], but which was first given in the fuzzy setting by Hutton
[14]. With the exception of the generalization of Hutton in Rodabaugh [20,21] and the modification of Hutton in Zhang
[24], these three approaches have been unified in Gutiérrez Garcia et al. [9,21] using the filter approach of Hohle and
Sostak [12,13] and Hohle [11,12]. It remains for future work to clarify the relationship of the filter approach of this
paper with that of Gutiérrez Garcia et al. [9,21].

In the following lines we recall some definitions and results, which we need in this paper, related to fuzzy filters,
fuzzy uniform structures and global fuzzy neighborhood structures.

1.1. Fuzzy filters

Let L be completely distributive complete lattice with different least and greatest elements 0 and 1, respectively. LX
denotes the set of all fuzzy subsets of a set X. By a fuzzy filter M on X is meant a mapping M : LX — L [5] such that
the following conditions are fulfilled:

(F1) M@)<aforallo € L and M(1) = 1.
(F2) M(f Ag) = M(f) AM(g) forall f, g e LX.

A fuzzy filter M on X is called homogeneous [4] if M(a) = o for all @ € L. Denote by F; X and Fy X the sets of
all fuzzy filters and of all homogeneous fuzzy filters on X, respectively. If M and N are fuzzy filters on X, M is called
finer than A or  is called coarser than M, denoted by M <N, provided M(f) >N (f) holds for all f € LX.

The image of a fuzzy filter M on X with respect to a mapping f : X — Y is the fuzzy filter F, f (M) on Y defined
by Fr f(M)(g) = M(go f)forall g € LY [5]. If N is a fuzzy filter on Y, then the preimage F; f(N) of N with
respect to f does not exist, in general, as a fuzzy filter. If 7, f () exists, then it is the coarsest fuzzy filter M on X for
which F7 f (M) <N holds, that is, for all g € LX we have [5]:

FrfW@ = \/ N@.

hof<g

The image and preimage operators F, f : LEY - LI and Frf: L) — LY are combinations of the Zadeh
image and preimage operators f;” : LX — LY and i LY — LX defined by

f @ =\{g) |x e fUyD} and f(h)y=hof

forall g € LX and h € LY, where f< : p(X) < g (Y) is the traditional preimage operator. We have
Fuf =100 LD — L),

and
Frf =10 LED > L@,

The properties of f;~ guarantee that the image of a fuzzy filter is a fuzzy filter and since the Zadeh image operator f;,~
need not preserve meets, then the preimage of a fuzzy filter need not be a fuzzy filter. If M and A are fuzzy filters on
X and Y, respectively, then

MSEF f(FLfM) and  FLf(Fp fN) SN

even if the preimage 7, f(N\) is not a fuzzy filter, but only an isotone mapping.
We also have the following result.
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Proposition 1.1 (Gdhler et al. [6]). Let f : X — Y and g : Y — Z be mappings and N a fuzzy filter on Z. Then
Fr(go HWN)KFL f(FL gN))

holds.

1.2. Fuzzy uniform structures

For all x,y € X, the mapping (x, y)" : LX*X — L defined by (x,y)"(u) = u(x,y) forallu € LX*X isa
homogeneous fuzzy filter on X x X. The inverse of a fuzzy filter i on X x X is the fuzzy filter /~! on X x X defined
by U " wu) =Uw™") forall u € LX*X where u~! is the inverse relation of u defined by u(x, y) = u(y, x) for all
x,y € X.For any two fuzzy filters i/ and VV on X x X such that (x, y)* < and (y, z)* <V hold for some x, y, z € X,
the composition of U and V is the fuzzy filter V ¢ U on X x X defined by

Vol)(w) = \/ Uw) A V(v))
vou <w

forall w € LX*X

X by

, where v ¢ u is the composition of the fuzzy relations u and v on X defined as the fuzzy relation on

woux,y) = \/(ux,2) Av(z, )

zeX

for all x, y € X [7]. Note that in the whole paper we are using the notation “¢” for the composition of fuzzy relations
and of fuzzy filters and using the notation “o” for the composition of mappings as usual.
A fuzzy uniform structure U on a set X [7] is a fuzzy filter on X x X such that the following conditions are fulfilled:

(U1) (x,x)"<Uforall x € X.
U2) U=U"".
(U3) UoULU.

The pair (X, U) is called a fuzzy uniform space. The mapping f : (X,U) — (¥, V) between fuzzy uniform spaces
(X,U) and (Y, V) is called fuzzy uniformly continuous if the following holds:
FLlf x Had) < V.

For a fuzzy filter / on X x X such that (x, x)* <U holds for all x € X, and a fuzzy filter M on X, the mapping
UIM] : L* — L, defined by

UIMIH) = \/ Uw) A M(g))

ulgl< f

for all f € LX isa fuzzy filter on X, called the image of M with respect to U, where u[g] is the fuzzy subset of X
defined by u[g](x) = \/y ex (@) Au(y, x)). To each fuzzy uniform structure ¢ on X is associated a stratified fuzzy
topology 174 given by

1 = {feLlX| fx) = UXI(f) forallx € X},

where % is a homogeneous fuzzy filter on X defined by % ( f) = f(x) for each f € L [7]. The fuzzy topology here is
in sense of [3,8].

Proposition 1.2 (Gdhler et al. [7]). Let f : (X,U) — (Y, V) be a fuzzy uniformly continuous mapping between fuzzy
uniform spaces. Then the mapping [ : (X, 1) — (Y, ty) between the associated fuzzy topological spaces is fuzzy
continuous.
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1.3. Global fuzzy neighborhood structures

Since for each homogeneous fuzzy filter M the image F7, f (M) also is homogeneous, then F f has the domain—
codomain restriction to a mapping of Fz X into Fr Y, denoted by Fr f.

The mapping F7, : SET — SET which assigns to each set X the set 77 X and to each mapping f : X — Y the
mapping F f : Fr X — FrY is a covariant functor, called the fuzzy filter functor. The subfunctor F; : SET — SET
of JF which assigns to each set X the set F; X and to each mapping f : X — Y the mapping F; f is called the
homogeneous fuzzy filter functor.

n = (My)xeoneser) : id — Fr and u = (ty)xeonsem) : Fr o Fr — JFp are natural transformations, where
id means the identity set functor, and 7y : X — FrX and uy : FrFr X — FrX are the mappings defined by
Nx(x) =xand uy (L) = Loex forallx € X and all £ € FLF. X, and ey : LX — L7LX is the mapping given
by ex(f)(M) = M(f) forall f € L¥andall M € Fr X. (Fr, n, 1) is a monad in the categorical sense, called the
fuzzy filter monad [5].

Taking the subfunctor Fy, instead of Fy,, we analogously get natural transformations " and p’ such that (Fy, #’, 1)
is a submonad of (Fp, n, u), called the homogeneous fuzzy filter monad [4].

A global fuzzy neighborhood structure on a set X [6] is defined as a mapping & : Fr X — JFr X such that the
following conditions are fulfilled:

(N1) M <h(M) holds for all M € F X.

(N2) h(LV M) =h(L)V h(M)forall L, M € F X.
(N3) hoh = h (hisidempotent).

(N4) uy o Frh o Frny <h holds.

A global homogeneous fuzzy neighborhood structure is defined analogously as the global fuzzy neighborhood struc-
ture, however, by using the homogeneous fuzzy filter monad (Fy,, 1/, i') instead of the fuzzy filter monad (Fp, 1, ).

For each fuzzy uniform structure I/ on a set X is associated a global homogeneous fuzzy neighborhood structure 7,
on X defined by

hy (M) = U[M]

for all M € F1 X [7]. Moreover, each global fuzzy neighborhood structure 4 on X is associated a fuzzy topology 7, on
X [6] defined by

7, = {f e L*| f(x) = hx)(f)forallx € X }.
If 4 and k are global fuzzy neighborhood structures on a set X, then 7% is called finer than k, denoted by h <k, if the
fuzzy filter h(M) is finer than k(M) for all M € F X.
A set X equipped with a global fuzzy neighborhood structure 4 on X is called a global fuzzy neighborhood space. A
mapping f : (X, h) — (Y, k) between global fuzzy neighborhood spaces is called (k, k)-continuous [6] provided
Frfoh<koFLf
holds.
Proposition 1.3 (Gdhler et al. [7]). Let f : (X, U) — (Y,V) be a fuzzy uniformly continuous mapping between

Sfuzzy uniform spaces. Then the mapping [ : (X, hy) — (Y, hyy) between the associated global homogeneous fuzzy
neighborhood spaces is (hy, hy)-continuous.

2. Final fuzzy uniform structures

The final structures of the notion of fuzzy uniform structure presented in [7] will be characterized in this section.
In case of one mapping we have the following result.
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Proposition 2.1. Let (X, U) be a fuzzy uniform space and f a mapping of X into a setY. Then the image V = Fp(f x f)U
of U with respect to f x f is the finest fuzzy uniform structure on Y such that the mapping f : (X, U) — (Y, V) is
fuzzy uniformly continuous.

Proof. Obviously, theimage V = Fr (f x f)U of the fuzzy filter i is a fuzzy filter on Y x Y. From condition (U1) for 4,

we have (x, x)* <U forall x € X and since Fr (f x f)(x,x)" = (f(x), f(x))°, then /\yey )" < ANjex FL(f %

f)(x,x)° and hence (y, y)" <V for all y € Y. This means V fulfills the condition (U1) of a fuzzy uniform structure.
From condition (U2) for U, it follows for each v € LY*Y that

V) =UWo (f x f))=Uo(f x N
=UV o (f x =V H=Vv"w).

Hence, V fulfills condition (U2).
Since (lo(f x f))o(ko(f x f))<wo(f x f)impliesl ok <w forallk,l, w € LY*Y and since forallu, v € LX*X
there are k, [ € LY*Y such that u <k o (f x f)and v<lo (f x f), then we get

Fu(f x Hdothw) = \/  Uw AU©))
vou < wo(fxf)
< \/ Uko (f x AU (f X )
o (fx folko(fx f)) Swo(fx[f)

< \/ (FL(f x HUE) ANTFLf x HUD))
lok < w

= (FL(f x Hd o FL(f x fHd)(w)

and from condition (U3) for U we get Fr(f x f)U o Fr(f x FHHUULSFL(f x f)U). Hence, V = Fr(f x /iU
fulfills condition (U3) and therefore it is a fuzzy uniform structure on Y such that, from the definition of ), the mapping
f (X, U) — (¥,V) is fuzzy uniformly continuous.

It is clear that for any fuzzy uniform structure ¥V on Y for which the mapping f : (X,U) — (¥, W) is fuzzy
uniformly continuous, we have V = Fr(f x f)U <. Therefore, V = Fr(f x f)U is the finest fuzzy uniform
structure on Y such that f : (X, U) — (Y, V) is fuzzy uniformly continuous. Moreover, I/ is finer than the initial fuzzy
uniform structure 7, (f x f)V of V with respectto f. [

For any class 7 we have the following result.

Proposition 2.2. Let (X;,U;))ics be a family of fuzzy uniform spaces and ( f;)ier a family of mappings f; of sets X;
into a set X and let V; = Fr (f; x fi)U; for eachi € 1. Then

U= \/Fulfi x ot = \/ Vi
iel iel
is the finest fuzzy uniform structure on X for which each f; : (X;, U;) — (X, U) is fuzzy uniformly continuous.
Proof. Foreachi € I we have, by means of Proposition 2.1, that V; is a fuzzy uniform structure on X. From condition
(U1) for Vj; it follows that (x, x)* <V; for each x € X and hence (x, x)" < \/;.; Vi = U. This means U fulfills the

condition (U1) for a fuzzy uniform structure.
Since each V; fulfills condition (U2), then for each u € LX*X we get

U'w = U= A\vie™) = AV @)

iel iel
= AViw) = Uw).
iel

Hence, U/ fulfills condition (U2).
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Condition (U3) for V; for each i € I implies that

Uolh=\/WVioV)< \/ Vi =U.
iel iel
Therefore, U fulfills condition (U3) and is then a fuzzy uniform structure on X.

It is clear that F7 (f; x fi)ldi = V; <U holds for eachi € I. Thus each f; : (X;,U;) — (X, U) is fuzzy uniformly
continuous. Moreover, U = \/; o; Fr(fi x fi)li; is finer than any fuzzy uniform structure YV on X for which each
fi + (X;,U;) — (X, W) is fuzzy uniformly continuous. This means I/ is the finest fuzzy uniform structure on X such
thateach f; : (X;, U;) — (X, U) is fuzzy uniformly continuous. We also have that each 4; is finer than the initial fuzzy
uniform structure F; (fi x f;)U of U with respectto f;. [J

2.1. Final lifts in FUN

We showed in [2] that the category FUN of fuzzy uniform spaces is topological and this means the final lifts also
exist.

Let I be any class. For eachi € I let (X;, ;) be a fuzzy uniform space and f; a mapping of sets X; into a set X. For
any fuzzy uniform structure ¢/ on X, for which all mappings f; : (X;, U;) — (X, U) are fuzzy uniformly continuous,
the family (f; : (X;,U;) — (X, U))iey is called a final lift of (f; : X;i — X, U;)ier provided for any fuzzy uniform
space (Y, V) and mapping f : X — Y, f : (X,U) — (¥, V) is fuzzy uniformly continuous if and only if foralli € 1
the mappings f o fi : (X;,U;) — (Y, V) are fuzzy uniformly continuous.

In each final lift (f; : (X;,U;) = (X, U))ier of (fi : Xi — X, U;)icr, we easily get that If is the finest fuzzy
uniform structure on X for which each f; : (X;,U;) — (X, U) is fuzzy uniformly continuous. The converse, that is,
the finest fuzzy uniform structures, characterized in Propositions 2.1 and 2.2, provide final lifts will be proved in the
following proposition.

Proposition 2.3. LetU be the fuzzy uniform structure on X, given in Proposition 2.2. Then (fi : (X;, U;) = (X, U))ier
is the final lift of (fi : Xi — X, Up)ier.

Proof. Let (Y, V) be a fuzzy uniform space and f : X — Y a mapping. From Proposition 2.2 each f; : (X;, U;) —
(X, U) is fuzzy uniformly continuous and hence, if f : (X,U) — (Y, V) is fuzzy uniformly continuous, then each
mapping f o f; : (X;,U;) — (¥, V) is fuzzy uniformly continuous.

Now, let f o f; : (X;,Ui) — (Y, V) be fuzzy uniformly continuous for all i € 1. Then \/ie, Fr(f o fi x fo fi)hi
is, by means of Propositions 2.1 and 2.2, the finest fuzzy uniform structure on Y for which each f o f; is fuzzy uniformly
continuous. Since F is a covariant functor from Fy (X x X) into F7 (Y x Y), then

V2 \/Fu(fofix fofidh = \/(FLlf x f)oFrlfi x fi)lh

iel iel
= \/ FL(f x HIFLSi x flhi) = FL(f % f) (\/ Frfi % ﬁ)u,-) :
iel iel

Hence, [ : (X,U = \/,¢; FL(fi x f)hi) = (¥, V) is fuzzy uniformly continuous. [J

A final fuzzy uniform structure is the fuzzy uniform structure which provide final lift [1,19]. From Proposition 2.3 we
get that the finest fuzzy uniform structures, defined in Propositions 2.1 and 2.2, coincide with the final fuzzy uniform
structures. That is, if f : X — Y is a mapping and U a fuzzy uniform structure on X, then V = Fy (f x f)U is the
final fuzzy uniform structure of ¢/ with respect to f. Moreover, in case of a family ({4;);<; of fuzzy uniform structures
U; on X; and a family (f;);c; of mappings f; of X; into aset X, U = \/,_; Fr(fi x fi)l; is the final fuzzy uniform
structure of ({4;);c; with respect to (fi)iey-

iel

2.2. Fuzzy uniform quotient spaces and fuzzy uniform sum spaces

The fuzzy uniform quotient spaces and the fuzzy uniform sum spaces, in the categorical sense, are special final fuzzy
uniform spaces [1] and therefore these spaces are examples on final fuzzy uniform spaces and can be characterized
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as follows: let (X, ) be a fuzzy uniform space and f : X — Y a surjective mapping. Then the fuzzy uniform
quotient structure is the final fuzzy uniform structure V = Fr(f x f)U of U with respect to f and the pair (¥, V)
is the fuzzy uniform quotient space. Moreover, if for each element i of a set I, (X;, ;) is a fuzzy uniform space,
X = Wiy Xi = Uje; (Xi x {i}) the disjoint union of the family (X;);e; and ¢; : X; — X, for each i € I the
related canonical injection defined by: e; (x;) = (x;, i), then the fuzzy uniform sum structure is the final fuzzy uniform
structure U = \/;c; Fr(ei x e))U; of (U;)ier with respect to (¢;);e; and the pair (X, U) is the fuzzy uniform sum
space.

3. Final global fuzzy neighborhood structures

In this section we characterize the final global fuzzy neighborhood structure and then we study the relation between
the final global fuzzy neighborhood structure and the final fuzzy uniform structure.
For I being a singleton we have the following result.

Proposition 3.1. Assume that h is a global fuzzy neighborhood structure on a set X and fis a mapping of X into a set
Y. Then the mapping k : FrY — FrY defined by

k = FrfohoF; f 3.1)

is the finest global fuzzy neighborhood structure onY for which the mapping f : (X, h) — (Y, k) is (h, k)-continuous.

Proof. For each fuzzy filter A on Y there is a fuzzy filter M on X such that F; (M) <N. Hence, k(N) exists. From
that / is a hull operator, it follows that N'<k(N) for each N' € F, Y. Therefore, k fulfills condition (N1) of a global
fuzzy neighborhood structure.

Each Fp f, h and F; f preserve finite suprema of fuzzy filters, then k also preserves finite suprema and hence &
fulfills condition (N2).

The proof that k fulfills the condition (N3) follows from the properties of F f and F, f and from that & fulfills
condition (N3).

Because of that /4 fulfills condition (N4), we get the following:

k(N)(@) = FLf (hFy fFN))(Q) = h(F[ FN)) (g o f)
=F  fMNx = h@) o =\ Nw),
wof v

where v € LX defined by v(x) = h(x)(g o f). Hence, k also fulfills condition (N4). Therefore, k is a global fuzzy
neighborhood structure on Y.

From that M <F, f(FL f(M)) forall M € F X it follows Fy f o h<k o F f and then f : (X, h) — (Y, k) is
(h, k)-continuous.

Now assume that / is any global fuzzy neighborhood structure on Y for which fis (%, [)-continuous. For each fuzzy
filter N on Y we have F. f(F; f(N)) <N holds and thus,

kW) = Frf(W(F fFND) SUFLF(F fFN))) SIN).

Hence, k is the finest global fuzzy neighborhood structure on Y for which fis (&, k)-continuous. We also have that
h(M)<(F] f okoFLf)(M) holds for all M € Fp X, that is, & is finer than the initial global fuzzy neighborhood
structure 7, f ok o Fr f of k with respecttof. [

Now, let I be a class and for each i € I let (X;, h;) be a global fuzzy neighborhood space and f; a mapping of X;
into a set X.

Proposition 3.2. For eachi € I letk; = F fi o hj o F; f;. Then the mapping h : FL X — F1 X, defined by

hM) = \/k = \/ k(M)

iel iel



F. Bayoumi / Fuzzy Sets and Systems 157 (2006) 1970—1982 1977

for each M € Fy X, is the finest global fuzzy neighborhood structure on X such that each f; : (X;, hi) — (X, h) is
(h;, h)-continuous.

Proof. Proposition 3.1 implies that for each i € I, k; is a global fuzzy neighborhood structure on X;. That is, k; fulfills
conditions (N1) and (N2) of a global fuzzy neighborhood structure and hence 4 also fulfills conditions (N1) and (N2).
Since each k; is idempotent, we have

Vi | VM) =\ kM) <\ kitki(M) = \/ k(M)

iel jel i,jel iel iel

Hence, i (h(M)) <h(M) and since h is a hull operator, we get h(h(M)) = h(M) for each M € Fr X. This means
that A fulfills condition (N3).
Moreover, for each i € I we have k; (M)(g) <M(inty, g) foreach g € LX, and each M € F; X and hence

h(M)(g) = (\/kiw)) ©) = /\ki(M)(2)) <ki(M)(g) < M(int;g),

iel iel

where int, and int;, are the interior operators with respect to k; and £, respectively. Thus, & fulfills condition (N4).

For each i € I and each M € F1 X we have Fp, fi (h;(M)) <h(Fr fi(M)) and then f; is (h;, h)-continuous. Let [
be any global fuzzy neighborhood structure on X such that each f; is (h;, [)-continuous, that is, 7 f; o h; <l o F f;
holds for all i € I. Hence,

h(M) = (\/(J:Lfi o hi of;fo) (M) <M.

iel

That is, & is the finest global fuzzy neighborhood structure on X for which f; is (h;, h)-continuous. Moreover, we get
that h; <JF, fi o h o F fi holds and therefore for each i € I, h; is finer than the initial global fuzzy neighborhood
structure F; fi o h o F fi of h with respect to f;. [

3.1. Final lifts in FNS

It is shown in [6] that the final lifts in the category FNS of global fuzzy neighborhood spaces exist. In the following
proposition we show that the global fuzzy neighborhood structures, characterized in Propositions 3.1 and 3.2, provide
final lifts.

Proposition 3.3. Let h be the global fuzzy neighborhood structure on X, given in Proposition3.2. Then ( f; : (X;, h;) —
(X, h))icq is the final lift of (fi : Xi — X, hi)iel-

Proof. Let (Y, k) be a global fuzzy neighborhood space and f : X — Y a mapping. If f : (X, h) — (Y, k) is
(h, k)-continuous, then by means of Proposition 3.2 each mapping f; : (X;, h;) — (X, h) is (h;, h)-continuous and
thus each mapping f o f; : (X;, hi) — (Y, k) is (h;, k)-continuous.

Let fo fi : (Xi, hi) = (Y, k) be (h;, k)-continuous for all i € I. Then from Propositions 3.1 and 3.2 it follows that

\/(FL(f o fi)ohio Fy (f o fi)) <k
iel
and hence from Proposition 1.1 and from that F7, f preserve suprema of fuzzy filters we get that
FrfohoF, fi = Frfo\[(FLfiohioF, f)o Fy f<k.
iel

Since f : (X, h) — (Y, FrfoholF, fi)is (h, FLf o h o F; fi)-continuous, then f : (X, h) — (¥, k) is (h, k)-
continuous. [
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Since the final global fuzzy neighborhood structure is the global fuzzy neighborhood structure which provide final
lift, then Proposition 3.3 implies that the finest global fuzzy neighborhood structures, defined in Propositions 3.1 and
3.2, coincide with the final global fuzzy neighborhood structures.

Remark 3.1. If each A; is a global homogeneous fuzzy neighborhood structure, then the final global fuzzy neighbor-
hood structure of (h;);c; with respect to (f;)ics also is homogeneous.

In the next lines, we show that the global homogeneous fuzzy neighborhood structure associated with the final
fuzzy uniform structure of a family ({4;);e; of fuzzy uniform structures with respect to a family (f;);e; of map-
pings f; of X; into X coincides with the final global fuzzy neighborhood structure of the family (A );e; of global
homogeneous fuzzy neighborhood structures sy, associated with If;. To verify this relation we need the following
results.

Lemma 3.1. Let f : X — Y be a mapping and U a fuzzy filter on X x X. Then for each fuzzy filter M on Y and
g € LY we have UIF] fFM)I(g o f) is less than (Fr(f x HU)IMI(g).

Proof. For each g € LY we have

(FL(f x HUDIMI@ = \/ (FL(f x HU©) A M)

vlkl<g

\/ U@wo(f x ) AM®K)
vlk]< g
\/ U@ A ME)ZUIF, fFMIo f). O

ulk]<gof

Lemma 3.2. For eachV; € F.(X x X) and each M € F X we get that (\/;; V))IM] is finer than \/;.; V;[M]).

Proof. For each g € LX we have

(\/mm) @) =/ \ViMle) = A\ | \/ 0w A M)

iel iel iel \ulk]<g
<V AV aMi = \/ ((\/M-) (u)AM(m)
ulk]<giel ulk]<g iel
= (\/ vi) Mig). O
iel

First, we study the case of one mapping.

Proposition 3.4. Let hyy the global homogeneous fuzzy neighborhood structure associated with the fuzzy uniform
structure U on a set X and V the final fuzzy uniform structure of U with respect to the mapping f of X into a set Y.
Then the global homogeneous fuzzy neighborhood structure hy associated with'V coincides with the final global fuzzy
neighborhood structure Fr f o hyy o F; f of hy with respect to f.

Proof. From Proposition 1.3 it follows that the mapping f : (X, hyy) — (Y, hy) is (hy, hy)-continuous and thus
FLf ohy o, fisfiner than hy.
From Lemma 3.1 and from that V = F7.(f x f)U for each fuzzy filter A" on ¥ and for each g € LY, we have

(Frf ohy o F YNNG =UIF, fFIM](g o fISVINI(gG) = hy(N)(g).
Hence, Fr f o hy o F; f is coarser than hy,. [

Now, let I be any class.
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Proposition 3.5. The global homogeneous fuzzy neighborhood structure hy associated with the final fuzzy uniform
structure U of Uy)ier with respect to ( f;)ier coincides with the final global fuzzy neighborhood structure \/, et (FLfio
hy, o F; fi) of the family (hyy,)ier of global homogeneous fuzzy neighborhood structures hy, associated with U;.

Proof. We have that each f; : (X;, hy,) — (X, hy) is (hy,, hy)-continuous. Hence, \/;;(FL fi o hy, o Fy f;) is
finer than hy,.

Moreover, if U = \/;c; FL(fi x fi)li = \/;c; Vi, then from Lemma 3.2 we have (\/;.; V;)[M] is finer than
Ve (VilM]) for each M € F X. Thus, for each g € L we have

(\/(fo,- o hy, of[fi)) (M)(@) = N\(FLfi o hy, o Ff [i)(M)(2))
iel iel

and hence

(\/(}'Lfi o hy; o f[fi)) (M) () <hy, (M) (g) <hy (M)(g).

iel

This means \/;.; (FL fi o hy, o F; fi) is coarser than hgy.  [J

4. Final fuzzy topologies

Here, we show the relation between the final fuzzy uniform structure (final global fuzzy neighborhood structure) and
the final fuzzy topology. The expected relation between the initial global fuzzy neighborhood structure and the initial
fuzzy topology also is verified.

For a family ((X;, 7;))ics of fuzzy topological spaces and a family ((f;))ic; of mappings f; of X; into a set X, the
infimum © = A\;; fi(ti) = ;s fi(zi), where fi(t;) = {g € LX | g o fi € 1;}, is the finest fuzzy topology on X
for which all mappings f; : (X;, 7;) — (X, 1) are fuzzy continuous [17]. It easily seen that A;_; fi(t;) fulfills the
requirements of a final lift in the category of fuzzy topological spaces and hence /\;; fi(t;) is the final fuzzy topology
of (t;)ier with respect to (f;)ies and in particular, f;(t;) is the final fuzzy topology of t; with respect to f;.

In the following will be shown that the fuzzy topology associated with the final fuzzy uniform structure of a family
(U;)ier of fuzzy uniform structures 4; coincides with the final fuzzy topology of the family (74, );e; of fuzzy topologies
174, associated with Uf;.

First, consider the case of one mapping.

Proposition 4.1. Let (X, U) be a fuzzy uniform space, f a mapping of X onto a setY, V the final fuzzy uniform structure
of U with respect to f and ty4, Ty the fuzzy topologies associated with U, V), respectively. Then Ty coincides with the
final fuzzy topology f (t4) of 14 with respect to f.

Proof. From Propositions 1.2 and 2.1 it follows that f : (X, 1) — (¥, typ) is fuzzy continuous and hence f (1) is
finer than ty).

If g € f(ty), then go f € 174. Since (vo (f x f)[l o f1<go f implies v[/]<gforallv e LY*Y andalll € LY,
and since forall u € LX*X and all k € LX therearev € LY*Y and/ € LY suchthatu <vo (f x f)and k<l o f, then
from that fis surjective it follows for all y € Y there is x € X such that g(y) = g(f(x)) = U[x](g o f) and therefore

g = \/ Uwrkx) < \/ U@ (f x Ao Hx)
ulk] < gof (o(fx fNlofl<gof
<V FL(f x HU©) ALG) = VIFe) = (intyg)(),
v[lI<g

where inty, is the interior operator with respect to 7y). Hence, g € 1y and thus f(77¢) is coarser than 7). [

For any class 1, let (f;)ic; be a family of mappings f; of sets X; onto a set X, and for each i € I let U; be a fuzzy
uniform structure on X;.
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Proposition 4.2. If U is the final fuzzy uniform structure of (U;);cy with respect to (f;)ier and 1y, the fuzzy topology
associated with U, then the fuzzy topology 1y associated with U coincides with the final fuzzy topology /\;c; fi(ty;)
of the family (ty4,)ier with respect to (f;)ier-

Proof. Similarly as in the proof of Proposition 4.1, we get that /\;.; fi(1z4) is finer than 77,.

Let ¢ € N;o; fi(ty). Then g € fi(ty,) for each i € I and hence, by means of Proposition 4.1, we get
8 € Tr(fixfou; foreachi € I.Since U = \/;o; FL(fi x fi)Ui, then g € 134 and thus A;.; fi(1y;) is coarser
than 77,. [

To show that the fuzzy topology associated with the final global fuzzy neighborhood structure £ of a family (4;);¢;
of global fuzzy neighborhood structures /; with respect to a family (f;);e; of mappings f; of sets X; onto a set X
coincides with the final fuzzy topology of the family (tj,);c; of fuzzy topologies 7, associated with h; we need the
following result.

Proposition 4.3 (Gdhler et al. [6]). Let f : (X, h) — (Y, k) be a (h, k)-continuous mapping between global fuzzy
neighborhood spaces. Then the mapping f : (X, 1) — (Y, tx) between the associated fuzzy topological spaces is
fuzzy continuous.

For I being a singleton we get the following result.

Proposition 4.4. Let h be a global fuzzy neighborhood structure on a set X, f a mapping of X onto a set Y and k the
final global fuzzy neighborhood structure of h with respect to f and let tj, be the fuzzy topology associated with h. Then
the fuzzy topology T\ associated with k coincides with the final fuzzy topology f (t1,) of T, with respect to f.

Proof. From Proposition 4.3 we get that f : (X, ;) — (Y, 14) is fuzzy continuous and hence f(tj) is finer than 7.
If g € f(t3), then g o f € 1), and since f1is surjective, then for each y € Y there is x € X such that g(y) = g(f(x))
and thus we get the following:

g(y) = g(f(x)) = h()(go f) = Frf(h(¥)(g) < k(y)(g).

That is, g € 74 and hence 7 is finer than f (7). O
For any class / we get the following result.

Proposition 4.5. The fuzzy topology t), associated with the final global fuzzy neighborhood structure h of (hi)ier
with respect to (fi)ier coincides with the final fuzzy topology \;c; fi(th;) of the family (ty,)icr of fuzzy topologies
associated with h;.

Proof. Foreachi e I, we have f; : (X, 1) — (X, t3,) is fuzzy continuous and hence, /\ie] fi(tp;) is finer than ;.
Letg € /\iel fi(tp;) be hold and let k; = F fioh;joF, fi. Thenh = \/iel k; and from Proposition 4.4, it follows
that g € 7, and hence

h()(g) = /\ ki)(@) = /\ g(x) = g(x).

iel iel

Hence, g € 7. Thus 74 is finer than /\;; (fitp,). O

Now, we are going to show that the initial global fuzzy neighborhood structure has a similar relation with the
initial fuzzy topology, that is, the fuzzy topology associated with the initial global fuzzy neighborhood structure 4 of
a family (h;);e; of global fuzzy neighborhood structures /; on sets X; with respect to a family (f;);c; of mappings
fi of a set X into sets X; coincides with the initial fuzzy topology of the family (tj,);c; of fuzzy topologies
associated with A;. Recall that the initial global fuzzy neighborhood structure  of (h;);c; with respect to (fi)iey is
(Nie;(FL fiohjo .7-'Lf,-))v, where F, f; o h; o FL f; is the initial global fuzzy neighborhood structure of i; with
respect to f; (see [6]). Moreover, for a family of fuzzy topological spaces ((X;, ti))ier, the initial fuzzy topology t of
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(ti)ies with respect to (fi)iey is \/ie, ffl (t;), where fflr,- = {go fi | g € t;} is the initial fuzzy topology of t; with
respect to f; (see [2,9,21]).
First, consider the case of I being a singleton.

Proposition 4.6. Let (Y, k) be a global fuzzy neighborhood space and vy the fuzzy topology associated with k, and let
h be the initial global fuzzy neighborhood structure of k with respect to a mapping f of a set X into Y. Then the fuzzy
topology T, associated with h coincides with the initial fuzzy topology = (tx) of Ty with respect to f.

Proof. Since f : (X, h) — (Y, k) is (h, k)-continuous, it follows from Proposition 4.3 that f : (X, 1) — (¥, %) is
fuzzy continuous and hence f ~I(1p) is coarser than 7.
Now, let g € 15 be hold.

g(x) =h()(g) = (F fk(fx)(g)
=\ k(0 = \/ Gnud)(fx)).

lof<g lof<g
Hence, g € f —1(z4) and hence 1, is coarser than f L. O
Now, let I be any class.
Proposition 4.7. The fuzzy topology tj associated with the initial global fuzzy neighborhood structure h of (hi)icy
with respect to (fi)ier coincides with the initial fuzzy topology \/;<; fi_lrhi of the family (ty;)ic with respect to

(fiier-

Proof. Similarly as in the proof of Proposition 4.6 we get that \/,; ffl Tp; s coarser than 7.

Let g € 15, be hold. Then for any positive integer n, any collection g1, . .., g, of LX suchthat g1 A--- A g, <g, we
get the following:
g) =h@(@) = (/\ k@) ) ()
iel

=V k@@ A Ak ()
8INNEn S &

<V \/ Gty Acon /£ Gt k)
gIAAgn < g \l1of <81 Inof < gn

n

Al V7 )

i=1 \liofi < gi

Hence, g € \/;c; f 't Thus, 1) is coarser than \/;; f 'ty O
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